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1. Introduction

Recently there have been several attempts made by the raw material producers
to set up international export cartels.

So far the most successful attempt of that kind came when major petroleum
producers set up a 13-member Organization of Petroleum Exporting Countries
(OPEC). This Organization accounts now for about 85 percent of the world
oil exports, which gives it a virtually monopoly power in the international oil
market. Although the initial application of this power came during the Yom
Kippur war of October 1973 as a purely political instrument of pressure, it
subsequently became an important factor in global economic relationships, to
the prospect of long presence of which the world has just begun to gradually
accustom itself. It may be recalled that during the winter 197374, the OPEC
increased the price of oil per barrel from about § 2.2 to about § 10 and, subse-
quently. to about $ (1. This fivefold increase in price was not preceeded nor
accompanied by any notable increase in the unit cost of extracting oil. This cost
per barrel is still in the range from about $0.2 (Middle East) to about $2
(Venezuela).

The primary concern of this paper is with the problem of “optimal™ price and
output policy for the OPEC club. More specifically, the paper seeks to answer
the following two questions. Firstly, what is the likelihood of a fall in the cartel
price for oil in the near future when the reserves of oil underground should be
stifl significant? Secondly, what price and output policy is the OPEC likely to
adopt in the long run when the proven reserves of oil should be expected to
fall rapidly?

The framework within which the likely answers to these two questions will be
discussed is fairly general; it may be used to describe also other oil-like situa-
tions involving a non-reproducable resource. But the specification of the model
and its numerical computations are designed to describe specifically the world
o1} market.

The plan of the paper is as follows. In section 2 the model s set out in the form
of an optimizing problem. In section 3 the cartel’s optimal oil price-and-output
policy, which is the problem’s solution, is derived and discussed. The world
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demand function for oil is specified in section 4. In section 5 the cartel’s optimal
policy for this specified demand function is derived and discussed. In section 6
this optimal policy is numerically computed and the computer results’ broad
implications for the world energy situation in the forthcoming two decades are
sketched. Finally, section 7 summarises briefly the main findings of the paper.
Concluding this introduction. we would like to emphasise the highly approxi-
mate nature of the paper’s quantitative results. Apart from the simplicity of
our model, it is the poor knowledge of the model’s vartous parameters which
appears to be the main potential source of error. Nevertheless, it is hoped that
the paper may be found instructive in limiting somewhat the probable range of
future oil prices, and in identifying the main price-forming factors.

2. The Model
The assumptions underlying our model are as follows.

A 1. The OPEC has and will continue to have sufficient power to control both the
world output of oil and the oil's price.

We recognise that the 13 nations which form OPEC have considerably differ-
ing economic needs and political priorities. These differences may cast doubt
on the organization’s ability to survive. But it may be noted that the real power
of OPEC rests in fact on two countries only, Saudi Arabia and Iran. There seems
to be little doubt that, acting in concert, Saudi Arabia and Iran could set almost
any world price they desire, since their combined output represents about half
of all OPEC production. It is also important that these two countries could
casily afford to significantly reduce the current production of oil without
endangering their development programmes, as indeed they have done so dur-
ing the period July 1974 — July 1975.

A 2. The output-and-price policy of the OPEC aims and will continue to aim at
maximizing the present value of all the future oil revenues.

It might have been more appropriate to use pure profits as the maximand,
rather than revenue. The cost function is, however, difficult to estimate, since
the extraction costs vary considerably from area to area. These costs in the
OPEC’s main production area, the Middle East, are a relatively minor fraction
of the oil price anyway so that our simplification should be of little consequence
to the optimal solution.

Noneconomic considerations which actually play or may play an important
role in determining the oil price will in our model not be completely ignored.
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But they will be expressed by one of the model’s constraints, not by the maxi-
mand itself (see A6 below).

A 3. The total future world supply of oil is limited by a known finite volume of
world recoverable deposits of oil, A.

Actually the world oil deposits are known only very approximately indeed.
They may also be regarded as dependent on the oil price, since the recovery
rate for known oil fields depends on the o1l price. Essentially, the main oil fields
are now only the following two: very low cost Middle East fields and very high
cost U.S. and Canadian oil sands. Assumption 3 of A to be given independently
of the oil price presupposes that this price will be kept by the OPEC club below
the unit cost of extracting oil from the American oil sands, so that the latter
would not contribute to A whatever the oil price actually is. On the other hand,
this oil price would always exceed the unit cost of extracting oil in the Middle
East, so making A (mainly the Middle East oil deposits) almost independent of
that price.

A 4. The world demand function for oil d = d(p,t), where p is the oil price and
is time, is known to the oil club.

The price p is expressed in terms of prices of other energy sources, that is to say,
it is equal to the oil's nominal price deflated by the world index of prices for all
other energy sources. These sources are mainly coal, natural gas and nuclear
energy. These industries have been in the past relatively compelitive, and be-
cause of huge world deposits of coal and uranium they are likely to remain
competitive in the foreseeable future. Therefore, the price index for non-oil
energy is likely to follow closely the general price index for all goods, so that p
may also be expected to be close to the real price of oil.

A 5. The supply of oil s(t) is always less than or equal to its demand d(p(t), t),
so that at price p(t), the output s(t) can always be sold.

This assumption aims at simplifying the problem by excluding the possibility
that oil produced at one time may be stored by the consumer nations to satisfy
some of their future demand.

A6. There is a ceiling p to the price of oil p, so that p(t) < p for every t.

The price p may be interpreted as a “war price”. The oil club simply reckons, it
is assumed, that if it sets p above p then the probability of response by the oil
importing countries with serious economic. political and even military counter-
measures is too high to be acceptable. Consequently. the club does not allow
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the oil price to go above that dangerous level. The present “war of nerves”
between the OPEC and the oil importers is in our model interpreted to be
centred just on the value of this war price. We also assume that p will be lower
than the unit cost of extracting oil from the American oil sands (see A 3 above).
Clearly both p and A may in general vary over time. But in this paper they are
assumed to be time invariant.

Under the above assumptions. the optimal strategy {p(t).s(t)} that the oil club
will select 1s one which maximizes the present value of the oil revenue. The
maximization problem is thus as follows:

=] T -t — 1
(1) R £ p{t)s(t)e "dt max !
subject to
(2) A — f s(ydt =0

1]

(3) d(p(t),t) —s()=0
(4) s(t)=0
(3) p—p)z0
(6) p()=0

where constraints (3) — (6) are to hold for all t = 0.

Price p(t) and supply s(t) are the control variables of the problem, and r is the
time discount rate. We want to find optimal p(t) and s(t), assuming that A,
p. r, and the demand function d(p, ) are known.

3. Optimal Solution

Let g, 2,(t), 25(t). Z5(t) and Z,{t) be the Lagrange multipliers associated with
constraints (2), (3),...,(6). respectively. The full expression for the Lagrange
functional is therefore:’

ol

L= [ {pse " — us + A, () [d(p, 1) — 8] + Ay (t)s + A5 (0P — p) + 4, () p} dt+ pA
0

a

- {pse "~ us + A, (O[d(p, 1) —s] + A, ()s + [L4(t) — 25 ()] p}dt
0

+p | Zy(Hdt + uA.

! See L. Hurwicz, “Programming in Linear Spaces,” in K.J. Arrow, L. Hurwicz, H.
Uzawa (eds), Studies in Linear and Nonlinear Programming, Stanford, 1958,
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Let us define Ay (t) = Z,(t) — Z,(t), and omit the terms p j Z,(t)dt and pA as
Q
irrelevant, since. being independent of p and s, they will disappear in the Euler-

Lagrange equations anyway. Consequently,

(7 L= [{pse "—pus+ A ()[d(p,t) —s]+ A,(t)s + A5(t)p}dt

O T, B

In (7) u, the Lagrange multiplier associated with constraint (2), is a constant
shadow price of oil stored underground. Now the Euler-Lagrange equations
imply that

od .

(9) p(tle ™™ — A, (t) —pu + A, (1) =0.

(8) s(the ™™ + A, ()

An optimal policy {p(t),s(t)} must satisfly these two necessary optimality
conditions as well as the following (complementary slackness) Kuhn-Tucker
conditions;

(10) (A — Ts(t}dt):(}
Q0

(11) A0[d(p,t) —s]=0

(12) A, (t)s =0
(13) 0P —p)=0
(14) 44(p=0.

where p, 4, (t), 4,(t), Z;(1) and 7.(t) are nonnegative for all t = 0. Altogether,
we have seven equations for seven unknowns: s(t), p(t) and five Lagrange
multipliers.

Define

(15 Gip.t; W) =d(p,t) + (p — pe”) %.

Let p* = p(t, i) be a solution to G(p, t: u) =0.

THEOREM 1 (The optimal solution): The necessary optimality conditions
(8)— (14} are satisfied by the following policy:

(1) When p.u,r and time t are such that p = pe™ and G, t; u) =0, then
p{t)=p and s(t) =d(p, t).
(i) When p > p*(t, p) > pe", then p(t) = p*(t, p) and s(1) = d(p*, 1).
(i11) When p < pe™, then p(t) is undefined and s(t) = 0.
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Proof: Let us first notice that since 7, 20 and Z, =0, then 4,(t) >0 implies
2,()>0, and therefore p =0, while A,(t) <0 implies Z, >0, and therefore
P=DpP

Suppose now that 0 < s(t) <d(p,t). Then by (11) 4,(t) =0 and by (12) 4,(t)=0
for all t= 0. Hence by Eq. (8) it follows that A;(t) = —s(t}e ™™ <0, and that
therefore p(t) = p. But by Eq. (9) it follows that p(t) = pe™, a contradiction.
It thus remains to consider the two limit cases, s(t)=d(p,t) and s(t) =0.

1 Case s{t) =d(p.t) > 0. Thenby(12) 4,(t) =0and by Eq.(9) 4, () =pe " — pu.
By substituting this expression for A, (t) and d(p.t) for s(t) in Eq. (8) we have
that:

(16) —Ay(t)e" =Gip, t: )
Because multiplier A, (t) is nonnegative, we have also that:

(17) plt) = pe"

There are now three subcases: (a) Gip,t;u} >0, (b) Gip.t:u)=0 and
(c) G(p,t: ) <0. In all these subcases inequality (17) must hold. Subcase (c)
means A;(t) >0 which in turn implies p(t)=0. However, the combination
s(t)=d(p,t) and p=0 should be ignored, since, instead of maximizing, it
minimizes the total revenue R.

Subcase (b) is part (ii) of our optimal solution. Subcase (a) implies A5(t) <0
and thereby p(t) = p. This is part (i) of our optimal solution.

2" Case s(t)=0. By (11), s(t) =0 implies 4,(t) =0. Because multiplier A,(1)
is nonnegative, Eq. (9) implies then that p(t) < ue™. For u >0, the reverse is
also true. Indeed, when p(t) = pe™ then not s(t)=d(p.t), since the latter
implies p(t) = ue". For p =0 we may show that p(t) =0 implies s(t) =0 as
well. Suppose the contrary is true, so that p(t) =0 for te(t,,t,) is consistent

1,

with fs(t)dt >0, and s(t) > 0. However, this combination of zero price and
1z

positive supply is not optimal, since by choosing p(t)>0 such that
s(t) = d(p(t), t) the value of the functional (1) can be increased. Therefore s(t)
cannot be positive, so it must be zero. This case is part {iii} or our optimal
solution. This ends the proof.

Four general observations about this optimal solution can be made.
17, It follows from equation G{p*,t; u) =0, where G is defined by (15), that

p* > pe" ifand only if the price elasticity of demand, — g— (%) , 1s greater
p=p*

than unity. This fact combined with (i) imphes that the cartel’s optimal price

for oil is less than its upper limit level p only when the oil demand is price-

elastic at that optimal price. Otherwise p(t) = p.
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2°. The cartel's optimal supply meets the oil demand at the optimal price p(t)
as long as there is any oil to sell. Proof ot this observation is as follows: From
(1) — (ii1) we see that s(t) = d(t) always, except that s(t) =0 when pe™ > p. The
latter inequality holds only when g is positive, and it holds for all t > 7, where
pe™ = p. Therefore, there is only one time point, t = 7, when supply is switched
from d(t) to zero. If at that time there is any oil left underground, it will be left
forever, implying strict inequality in the constraint (2) and thus zero shadow
price u, not a positive one. Hence the switch takes place only after the oil de-
posits are fully depleted.

3°. Our third observation is that if the demand function for oil d(p,t) is at the
optimal price p = p(t) declining over time sufficiently fast, then the limited
world oil reserves may never be completely depleted. In this case the shadow
price u is zero, so that the oil supply is forever maintained at the demand level.
4°. Finally, the optimal price {and therefore also output) given by (i) —(111) may
not be unique. But for a particular demand function that we shall choose below
for numerical illustrations, (i) and (ii) are never satisfied on the same time inter-
val, so that there will be only one candidate for optimal policy.

4. Specification of the Demand Function

More detailed information about the optimal strategy for the oil club can be
obtained if we specify the demand function d(p.t) and the parameters of the
problem: A, p and r. Define

(16) a=— 25 =q(p, 1)

In the years 1950-73 there was not much change in the price of oil, so that «
was approximately equal to the actual growth rate of demand. From Fig. 1 it
is seen that this growth rate was relatively stable over time. Its average level of
about 7.5 percent per annum was significantly higher than the growth rate of
total world energy consumption which for the same 1950-73 years was equal
to about 5 percent. Let us denote the latter rate by «°. Until 1973 « was higher
than o because oil was substituted in chemical industry and in power stations
for then relatively more expensive coal. At the present substantially increased
price of oil the substitution by oil for other energy sources is likely to be reduced
if not reversed. According to a recent report from the OECD secretariat, the
volume of oil imports in 1980 by the (24 member nations) OECD is likely to
remain at the 1972 level, if not at a still lower level®.

2 See an article “OECD Nations” Oil Imports Can Be Reduced. Report Says™, Inzer-
national Herald Tribune, October 12-13, 1974, Also the 1974 world demand for oil
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Figure ;. World Production. Quantities in million metric tons of coal equivalent

Source: "World Energy Supplies”, U.N. Statistical Paper: Series J, No. 4 for the period
192950, No. 6 for 1951-61 and No. 16 for 1961-71.

The main assumption underlying our specification of the demand function for
oil is that the growth rate « is a linear function of the oil price (with a negative
slope, of course; see Fig. 2), and that it is independent of time. The assumption
of time independence is justified by the fact that o was fairly stable over time at
the old price and is expected to be equally stable now (though at a lower level)
at the new price. Our assumption is thus as follows:

(17) é— % = —a(p —p”) + «° where a >0

remained roughly at the 1973 level. The oil producers’ cartel is reported to have re-
duced production to eliminate a surplus, which is especially substantial in 1975 when
mild winter 1974/75 and deep economic depression actually caused a significant fall
in the world production of oil.
























